Abstract This papers studies a class of Dirichlet forms, with the Wiener trajectories as state space. The diffusion coefficient is constant relative to the state space, it is an unbounded operator in the Cameron-Martin space H. The form is introduced on the space of cylindrical functions with polynomial growth. Necessary and sufficient conditions are presented for the form to be closable. It is shown that under a class of changes of the reference measure, quasiregularity of the form is retained and local first and second moments of the associated process exist. These local moments are presented in terms of the spectral resolution of the form and the density function corresponding to the change of measure.
Introduction
This paper is concerned with Dirichlet forms of type
where the diffusion operator A is in general unbounded, cf. [3] . We are interested in weight functions ϕ of the form
This choice of weight functions is motivated by the papers [7, 8] by F.-Y. Wang and B.
Wu. In this way it is possible to relate and compare the results of the present paper to the findings there. We present our ideas in terms of infinite dimensional processes on the classical Wiener space using a coordinate representation. This makes the subject comprehensible, in particular, to readers familiar with the finite dimensional theory. The form is studied on the set of smooth cylindrical functions F, G ∈ Y = {F (γ) = f (γ(s 1 ), . . . , γ(s k )) : s j is a dyadic point}, where γ is a Wiener trajectory. We do this as well on the more common set of cylindrical functions F, G ∈ Z = {F (γ) = f (γ(s 1 ), . . . , γ(s k )) : s j ∈ [0, 1]}.
Well-definiteness of E on Y is a consequence of the fact that the sum in (1.1) is finite. Welldefiniteness of E on Z requires the convergence of the sum in (1.1). These two different initial situations result in possibly different closures of (E, Y ) and (E, Z) on L 2 (ϕν). Using the coordinate representation in (1.1) we give conditions for closability. The requirement of ϕ −1 ∈ L 1 (ν) would be sufficient, for example, for closability in the classical case with bounded cylindrical functions and [4] . However, the paper investigates forms of the structure (1.1) with an in general unbounded diffusion operator.
We give necessary and sufficient conditions on the increase of λ 1 , λ 2 , . . . that guarantee closability of (E, Y ) and (E, Z) on L 2 (ϕν) in terms of the Schauder functions S i , i ∈ N, the coordinate functions in H. Locality, Dirichlet property, and quasi-regularity of the closure (E, Z) on L 2 (ϕν) is then obtained by using methods of [1, 2, 3, 4, 6] . We are also interested in characterizing the associated process in terms of their local first and second moments of the form
where S i are certain linear functions on the trajectory space. We represent these local moments in terms of the sequence λ 1 , λ 2 , . . . and the weight function ϕ. Corresponding to the closability condition of (E, Z) on L 2 (ϕν), we derive a necessary and sufficient condition for the limits (1.2) and (1.3) to exist. This way lets us obtain compatibility with the classical Kolmogorov characterization of finite dimensional diffusion processes.
Formal definitions
We study the form on the space
, ν is the Wiener measure on Ω and ϕ is a density function specified below. As stated earlier, the form is given by
where H is the Cameron-Martin space, i.e., the space of all absolutely continuous R d -valued functions f on [0, 1], with f (0) = 0 and equipped with inner product
Motivated by [7] , we suppose in sections 6 and 7 that ϕ : Ω → [0, ∞] has the form
where b :
. Then by Itô's formula, ϕ defined by (2.2) is both bounded from below and from above, on Ω. We define the set of all cylindrical functions
where C ∞ p denotes smooth functions with polynomial growth. We also define
For F ∈ Z and γ ∈ Ω the gradient operator D is defined by
. . , γ(s k )) denotes the gradient of the function f relative to the ith variable while holding the other variables fixed.
We let (e j ) j=1,...,d denote the standard basis in R d and
denote the system of the Haar functions on [0, 1]. We also define
and
Definition of the form
We use the following definitions from [3] . We choose a non-decreasing sequence of positive
We can then conclude that
is well defined since, for F ∈ Y , this is just a finite sum.
Closability
In this section we first prove a general closabilty result for the Malliavin gradient. Using this result, a criterion for the closability of the form is formulated. We note that, under these conditions, the form is local.
Lemma 4.1. If 0 < ϕ ≤ c for some c ∈ R + , and
is closable on L 2 (ϕν). Let L denote the generator of D and note that L is the OrnsteinUhlenbeck operator.
Proof. Let u n ∈ Z, ψ ∈ Z and
Furthermore it turns out that, under (4.1),
It now follows that f = 0. Hence the form is closable.
We get compability with [4] , section II.2 a).
We also formulate the following lemma that serves an important role in proving and formulating the closability conditions of the form.
Proof. (a) The claim is a straightforward consequence of the definitions of the functions S i , i ∈ N, using the facts that
where i p,j is as in Lemma 4.3, then (E, Z) is closable and we let (E, D Z (E)) denote the closure
We also define
The operator J is bounded in L 2 (Ω → H, ϕν) and it follows 
is then also closable and has (E, D Y (E)) as its closure 
Using Lemma 4.3 we have
where i p,v is constructed as in Lemma 4.3. Furthermore
where we recall that ·
. Indeed, the same conclusion applies to an arbitrary F ∈ Z with F (γ) = f (γ(s 1 ), . . . , γ(s k )), s 1 , . . . , s k ∈ [0, 1] since because of (2.3)
we have
We then apply (3.1) and (4.6). First we check the expression of Lemma 4.3 for all dyadic points s k . To get a bound on
when s ∈ [0, 1] is no longer dyadic, we need (4.4). The statement follows. Proof. We use Proposition I.4.10 from [4] . It follows that we must show
+ . An application of the chain rule gives
Proof. This is shown in the same manner as in Proposition 3.4 of [3] using the fact that ν-a.e. implies ϕν-a.e.
Quasi-regularity
It turns out that the closability condition found in the previous sections is sufficient for the form to be quasi-regular. Throughout this section we assume (4.1).
Proposition 5.1. Suppose (4.4). The form described by the closure of
Proof. The conditions for closability can be found in Proposition 4.4. We follow the procedure of [3] , see also [2, 6] . For r ∈ N, k ∈ 1, . . . , 2 r , s k = k2 −r let c 1 , . . . , c r ∈ {0, 1}, such that
k ∈ {1, . . . , 2 r }, and v ∈ {1, . . . , d}. Consider the functions
, and
clearly F v,k,τ ∈ Y . Using the procedure of Proposition 4.4(b) we get
where C 1 the bound obtained from (4.6). Now let
where the last line is obtained using Doob's inequality. Thus
Having verified these details the result now follows in the same way as found in [3] Proposition
3.3
Step 3 and 4.
Remark 5.2. We observe that to obtain (5.1) we need the condition (4.4). We recall that
Corollary 5.3. There exists a diffusion process M associated with (E, D Z (E)).
Proof. The result is an immediate consequence of Propositions 4.6 and 5.1 using Theorem IV.3.5 of [4] .
The generator
Let ϕ(γ) have the form of (2.2) and (E, D Y (E)) given by
We determine the generator A of this form i.e.
Using g n from (2.4), let S i (γ) :
independent N(0, 1).
Proof. Let F, G ∈ Y . Once again we note that the following sum is just a finite sum because of the particular structure of Y . We have
where T is the shift operator, T sS i (γ) = γ + sS i . Thus the generator satisfies
from which we can conclude F ∈ D(A). The Cameron-Martin formula gives
and (6.1) follows immediately. 
Local first moment
Let M = (X t ) t∈[0,1] , (P γ ) γ∈Ω be the corresponding diffusion process defined in Corollary
, and S i (γ) be as in Chapter 6. We recall that (A, D(A)) is the closure of (A, Y ) in the graph norm · 2
Proposition 7.1. We have
Proof. According to Proposition (6.1), we have
and by (6.1)
For a dyadic number,
(b) Let v ∈ {1, . . . , d}, and let i p,v be as in Lemma 4.3. Suppose (4.4) and
Proof. (a) We note
Since s k is dyadic the sum is finite and we get
(a) follows immediately. 
where Γ denotes the carré du champ operator (see [1] p. 17). Thus for f ∈ Y ∩ L ∞ , or f ∈ Z ∩ L ∞ if (4.4) holds, we have
Using Proposition 7.1 we obtain
which formally coincides with Proposition 5.1 in [3] . The same holds for linear combinations of S i (γ) belonging to D(E).
